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Abstract

We propose two EM algorithms that work on binary decision diagrams (BDDs) and
Zero-suppressed BDDs (ZBDDs) respectively. They open a way to applying BDDs and
ZBDDs to statistical inference in general and machine learning in particular. We also present
the complexity analysis of noisy-OR models based on BDDs and probabilistic context free
grammars based on ZBDDs.

1 Introduction

Binary decision diagrams (BDDs) have been popular as a basic tool for compactly representing
boolean functions [1, 2], and Zero-suppressed BDDs (ZBDDs), BDDs based on a different prin-
ciple, are known as suitable to manipulate sparse truth assignments [11, 12]. In this paper we
present yet another application of (Z)BDDs. We propose two new EM algorithms that work on
BDDs and ZBDDs respectively. Since the EM algorithm is a fundamental parameter learning
algorithm for maximum likelihood estimation in statistics [5], our proposal opens a way to apply
(Z)BDDs to statistical learning in general and to machine learning in particular.

Both diagrams express boolean formulas compactly as a disjunction of exclusive disjuncts.
To take further advantage of them however, we employ the decomposed BDD approach1 with
two features added. First we replace boolean variables by boolean random variables. We assume
they are independent. Second we consider BDD fragments that constitute a decomposed BDD
as as subroutines. Consequently our new BDD-based data structure is comprised of a set of
probabilistic BDD fragments that recursively “call” other fragments as subroutines. The purpose
of this change to gain exponential compression effect without which computing probabilistic
context free grammars (PCFGs) [8] would be impossible in polynomial time. See Section 4 for
more details. We similarly introduce a decomposed version of ZBDDs.

The two new EM algorithms, the BDD-EM algorithm and the ZBDD-EM algorithm2 we
develop achieve generality and efficiency. By generality we mean that they are applicable to
arbitrary probabilistic boolean formulas, and thereby applicable to a variety of probabilistic
models ranging from discrete Bayesian networks (BNs) to PCFGs which are representable by
probabilistic boolean formulas. Nonetheless we can oftentimes verify that the achieved generality
does not sacrifice computational efficiency. For example we prove in Section 4 that the probability
computation of sentences in PCFGs performed by the ZBDD-EM algorithm is done in O(L3)
time where L is the sentence length, which is equal to the standard time complexity.

The significance of the proposed algorithms is twofold. First it establishes a connection
between (Z)BDDs and EM learning for the first time as far as we know. (Z)BDDs can now be
considered as a statistical learning device. Second it removes the traditional restriction to Horn
clauses of logical formulas used in logic-based formalisms combined with probabilistic inference
[15, 18, 4]. The proposed algorithms accept non-Horn clauses as well as Horn clauses, and thus
contribute to expanding the realm of logic-based statistical formalisms.

In what follows, after reviewing the EM algorithm and BDDs in Section 2, we present the
(Z)BDD-EM algorithm in Section 3. Examples of complexity analysis are shown in Section 4.
Section 5 contains a simple learning experiment. Related work is described in Section 6 and
Section 7 is conclusion.

1Given a boolean function F , we decompose it into smaller functions, decomposed functions, then build BDDs
for each of them and finally put those BDDs together to represent F . This idea was used in VLSI logic design area
to avoid the blow-up of the size of monolithic BDDs [7]. In this paper we call a BDD built for each decomposed
function a BDD fragment for F , and the set of all BDD fragments for F simply a decomposed BDD for F .

2They have different characteristics and should be applied depending on the problem to be solved. For
convenience, they are collectively referred to as the (Z)BDD-EM algorithm.
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2 Preliminaries

2.1 The EM algorithm

In this section, we describe our learning setting and review the expectation-maximization (EM)
algorithm [5]. First of all, we assume our problem domain is modeled with k boolean random
variables X1, X2, . . . , Xk, each taking 1 (true) and 0 (false) independently of each other.3 Let F
be a boolean function composed of these k variables, and assume only the value of F is observable
whereas those of the Xi’s are not. Hereafter, to make notations simple, F is treated as a boolean
random variable as well that takes the value of (the function) F . We then call F an observable
variable, and the Xi’s basic variables. For example, consider a boy who usually goes to school
by bicycle, but takes a bus on a rainy day. It sometimes happens that he is late for school.
We formalize his being late as F ⇔ O ∨ (R ∧ B), where F , O, R and B respectively indicate
“he is late for school,” “he oversleeps,” “it rains,” and “the bus is late.” The EM algorithm
proposed in this paper aims to estimate the probabilities of basic variables (O, R and B) being
true from an observed value of F .4 Note that the setting here is general and the boolean formula
defining F is arbitrary. Also note that some of the Xi’s are allowed to be i.i.d. just like hidden
Markov models (HMMs) have i.i.d. variables across the time slices. More formally, a set of basic
variables X = {X1, X2, . . . , Xk} is partitioned into S, sets of i.i.d. variables, and each partition
s ∈ S, called an i.i.d. group, is given a parameter θs,x, a probability of X ∈ s taking x (i.e.∑

x∈{0,1} θs,x = 1). S is in one-to-one correspondence to the set of parameters. We designate
the vector of parameters {θs,0, θs,1} by θs, and the vector of all parameters by θ.

Let φ be an assignment of basic variables X, which maps a variable X ∈ X to its value
x ∈ {0, 1}. We use Φ to stand for the set of all assignments. Since f ∈ {0, 1}, the value of F , is
uniquely determined by φ, an assignment, F is a function over assignments such that F (φ) = f .
We rewrite the set of assignments which make F = f as F−1(f) = {φ ∈ Φ | F (φ) = f}. For an
assignment φ and a parameter θs,x, we introduce σs,x(φ) = |{X ∈ s | φ(X) = x}|, the number
of occurrences in φ of the variables with common parameters θs, taking a value x. The EM
algorithm we develop for the setting described above consists of two steps, the expectation step
(E-step) and the maximization step (M-step), defined as follows:

• E-step: Compute the conditional expectation Eθ[σs,x(·) | F =f ] by
ηx

θ [s]/Pθ (F =f), where:

ηx
θ [s] =

∑
φ∈F−1(f)

σs,x(φ)
∏
s′∈S

∏
x′∈{1,0}

θ
σs′,x′ (φ)

s′,x′ (1)

Pθ (F =f) =
∑

φ∈F−1(f)

∏
s∈S

∏
x∈{1,0}

θσs,x(φ)
s,x . (2)

• M-step: Update θ to θ̂ by θ̂s,x ∝ Eθ[σs,x(·) | F =f ].

The problem with this algorithm is that |F−1(f)| grows exponentially in the number of variables.
Our answer is to run the E-step in a dynamic programming manner on compact data structure,
i.e. (Z)BDDs to combat this problem.

3This independence assumption does not put a restriction on modeling dependencies. We can always use a
random variable indicating “A has a headache if A caught a cold,” which represents a dependency between a
disease and a symptom.

4This single observation assumption is just for the sake of simplicity. There is no difficulty in extending the
proposed algorithm(s) to multiple observations, i.e. a random sample of F . Also we can consider other situations.
For example, some basic variables may be observed as evidences, or one may wish to infer the most probable
reason why the boy is late based on the estimated probabilities. These situations are easy to handle, and hence
we will concentrate on the unsupervised learning setting for the single observation case.
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2.2 Binary Decision Diagrams

A BDD is a rooted directed acyclic graph representing a boolean function F as a disjunction of
exclusive conjunctions. It has some non-terminal nodes and two special terminal nodes called
0-terminal and 1-terminal, denoted by 1 and 0 , respectively. A non-terminal node n labeled
with a boolean variable, say, X, appearing in the function F is referred to as Label(n). Note
that some nodes may have the same label, i.e. they stand for the same variable. Also n has two
child nodes, the 1-child and the 0-child, denoted by Ch1(n) and Ch0(n). An edge from a node
n to the 0-child (resp. the 1-child) is called the 0-edge (resp. the 1-edge) from n, indicating an
assignment of 0 (resp. 1) to the variable Label(n) labeling n. We usually depict 1-edges (resp.
0-edges) by arrows with solid (resp. dashed) line. A path from the root node to 1 (resp. 0 )
represents an assignment φ making F = 1 (resp. F = 0). When a BDD has no node irrelevant
to a value of F , the BDD is said to be reduced. Also if each variable occurs once in each path
from the root to a terminal and if the order of the occurrences is common to all these paths, it
is said to be ordered [2].

A reduced ordered BDD (ROBDD) is known to be a unique representation of the target
boolean function. Fig. 1 illustrates some different representations of a boolean function F =
(A ∨ B) ∧ C̄. Fig. 1 (a) is a truth table, in which a row corresponds to an assignment φ for
X = {A,B,C}. One way to obtain the ROBDD for F is to consider a binary decision tree
(BDT, a special form of a BDD) as shown in Fig. 1 (b) and apply the following two reduction
rules as many times as possible:

1. Deletion rule: If n is a non-terminal node in the BDD such that Ch1(n) = Ch0(n), delete
n from the BDD (Fig. 2).

2. Merging rule: If n, n′ are two non-terminal nodes such that Label(n) = Label(n′), put
Ch1(n) = Ch1(n′) and Ch0(n) = Ch0(n′), and merge n and n′ (Fig. 3).

Fig. 1 (d) is the ROBDD for F , whereas Fig. 1 (c) is a BDD obtained by only applying the
merging rule. The complexity issue will be discussed in Section 4.

3 Combining BDDs and the EM algorithm

3.1 Overview

Before presenting the (Z)BDD-EM algorithm, an EM algorithm based on (Z)BDDs, we specifi-
cally remark three points, while introducing some notations.

3.1.1 Three level probability/expectation computations

Let us recall that i.i.d. boolean random variables share a parameter. Also recall that some nodes
in a (Z)BDD may share a boolean random variable. So in our algorithm(s), the computation of
probabilities or expectations is describable in three levels — the parameter level, the variable
level, and the node level. To illustrate this, look at the product in Eq. 1 computed at the
parameter level, along with i.i.d. groups S where all σs,x(φ)s are given. Now rewrite Eq. 1 as:5

ηx
θ [s] =

∑
φ∈F−1(f)

∑
X∈X:X∈s

1φ(X)=x

∏
Z∈X

θ
φ(Z)
[Z] θ

1−φ(Z)

[Z̄]
, (3)

5Eq. 2 is similarly rewritten to P (F =f) =
P

φ∈F−1(f)

Q

Z∈X θ
φ(Z)
[Z]

θ
1−φ(Z)

[Z̄]
.
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Figure 1: Examples of (a) a truth table, (b) a binary decision tree (BDT), (c) a BDD which is
ordered but is not reduced, (d) the ROBDD, for F = (A ∨ B) ∧ C̄.
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Figure 2: Deletion rule.
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Figure 3: Merging rule.

where we refer to an i.i.d. group s ∈ S by [X] as long as X is a variable belonging to s, and
introduce θ[X] = θs,1 = P (X =1) and θ[X̄] = θs,0 = P (X =0). 1φ(X)=x takes 1 when φ(X) = x
is true, and 0 otherwise. This is the variable level description. Eq. 3 is procedurally interpreted
that, for an assignment φ making F = f , we add P (φ) =

∏
Z∈X θ

φ(Z)
[Z] θ

1−φ(Z)

[Z̄]
to ηx

θ [s], every
time we find a variable X in X such that X has parameters θs and takes a value x under φ.
Note that, in Eq. 3, σs,x(·) is not used explicitly, and the products are no longer computed along
with S but with variables X.

We further elaborate the expectation computation above so that it runs on the nodes in a
(Z)BDD. Consider a BDT like the one in Fig. 1 (b). In a BDT, there is a unique path πφ from
the root to a terminal for an assignment φ, in which every basic variable appears once as a node
label. So we rewrite Eq. 3 as:

ηx
θ [s] =

∑
πφ:φ∈F−1(f)

∑
n′∈πφ:Ln′∈s

1φ(Ln′ )=x

∏
n∈πφ

θ
φ(Ln)
[Ln] θ

1−φ(Ln)

[Ln]
, (4)

where n ∈ πφ says that the node n is on the path πφ and Ln = Label(n). A similar interpretation
for Eq. 4 is possible, i.e. we accumulate P (φ) to ηx

θ [s] at the x-edge from the node n with a
variable Ln, the one labeling n which has parameters θs and takes x under φ (x ∈ {0, 1}). P (φ)
is computed by multiplications along πφ. We extend this computation strategy to BDDs whose
paths are compressed by the reduction rules.

3.1.2 Different treatments between probabilities and expectations

We need special care in computing expectations, which is unnecessary in computing probabilities.
To see this, consider again the boolean formula F ⇔ (A ∨ B) ∧ C̄ and see Fig. 1. The truth
table in Fig. 1 (a) says that P (F = 1) is computed by θ[Ā]θ[B]θ[C̄] + θ[A]θ[B̄]θ[C̄] + θ[A]θ[B]θ[C̄].
On the other hand, our generalization of the backward procedure for HMMs, which will also
be shown later, computes P (F = 1) by recursively computing probabilities on all paths from
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1 ’s to the root, respecting the BDD structure. For instance, using the BDDs in Fig. 1 (c) and
(d), P (F = 1) is computed as (θ[Ā]θ[B] + θ[A](θ[B̄] + θ[B]))θ[C̄] and also as (θ[Ā]θ[B] + θ[A])θ[C̄],
respectively. Obviously they are identical, meaning that the deletion rule for BDDs is “safe” in
computing P (F =f). However, this does not hold when computing expectations. To clarify the
issue, suppose, temporarily, that no boolean random variables share parameters. So a variable
X is a unique member of [X], and it holds for an assignment φ that σ[X],x(φ) = 1 if φ(X) = x
and σ[X],x(φ) = 0 otherwise. Thus for X ∈ s, Eq. 3 is simplified as:

ηx
θ

[
[X]

]
=

∑
φ∈F−1(f) 1φ(X)=x

∏
Z∈X θ

φ(Z)
[Z] θ

1−φ(Z)

[Z̄]
= Pθ (F =f,X =x) . (5)

Then, let us compute η1
θ

[
[B]

]
for the observation F = 1. It follows from Eq. 5 and the truth table

that η1
θ

[
[B]

]
= θ[Ā]θ[B]θ[C̄] + θ[A]θ[B]θ[C̄], by picking up the rows satisfying F = 1 and B = 1.

On the other hand, there is no explicit information in the ROBDD in Fig. 1 (d) concerning
θ[A]θ[B]θ[C̄], since the 1-edge from the node labeled A is directly connected to the node labeled
C. This mismatch is caused by the deletion rule of BDDs, and hence we need to “numerically
recover” the deleted nodes as if we did not use the deletion rule in the BDD construction like
Fig. 1(c). Similar care must be taken for ZBDDs both in the probability computation and in the
expectation computation, as described later.

3.1.3 Decomposed BDDs

Our target boolean function F is represented by a decomposed BDD. It is a collection of BDD
fragments made up of basic variables and intermediate variables that represent other BDD frag-
ments. In a probabilistic context, we assume the variables in a BDD fragment are independent
of those in another BDD fragment.

Suppose F is a boolean function of a set of basic variables X. We introduce a set of non-basic
boolean variables U together with an indexing map Level : U → {1, 2, . . . , |U|} such that F ∈ U
and Level(F ) = |U|. U becomes layered by this map and every X ∈ U is a function of some of
variables in X and those in U “below” X, i.e. {Y ∈ U | Level(Y ) < Level(X)}. These variables
constitute a BDD fragment for X, denoted by δX , which is a BDD defining X. We call an
element of U\{F} an intermediate variable. We denote by N(δX) the set of all nodes in δX

and by V(δX) the set of all variables in δX respectively. The set of all BDD fragments, given
by ∆F = {δX | X ∈ U}, is called a decomposed BDD.6 We introduce a local variable ordering
in a BDD fragment δX as an indexing map OrdX from N(δX) to {1, 2, . . . , |N(δX)|}.7 When
OrdX(A) < OrdX(B), we write it as A ≺X B. OrdX(n) = 1 holds iff n is the root node. For
brevity, we omit X from ≺X if X is understood from the context. The purpose of adopting
decomposed BDDs is to gain exponential compression effect without which computing PCFGs
would be impossible in polynomial time.

Fig. 4 illustrates a decomposed BDD ∆F . We see U = {F,X, Y } and X = {A,B,C,D,E}.
We also see V(δY ) = {D,E}, while N(δY ) contains three nodes, in which one has a label D,
and each of the rest has a label E. The parameters of X will be estimated by the (Z)BDD-EM
algorithm when we observe F =f .

3.2 The BDD-EM algorithm

We here present the BDD-EM algorithm which is an EM algorithm working on BDDs. There are
five auxiliary procedures for the procedure BDD-EM(), i.e. IterateEM(), GetBackward(Y ),

6Caveat: Multiple occurrences of a variable in a BDD refers to the same value while variables in different BDD
fragments are independent even they bear the same name.

7Ord is an indexing for variables in each BDD fragment, while Level is an indexing for BDD fragments.
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GetForward(Y ), GetInside(Y ) and GetOutsideExpe(Y ). In the following, we describe
these procedures in turn, assuming that no variable shares a parameter with the others as in
Eq. 5. Of course, this assumption is only for explanatory purpose, and the algorithm presented
as pseudo code work for general cases.

1: Procedure: BDD-EM()
2: Initialize all parameters θ;
3: repeat
4: IterateEM();
5: until the parameters θ converge;
6: end
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Figure 4: A decomposed BDD for F .

1: Procedure: IterateEM()
2: D = ∆F ;
3: // E-step
4: while D 6= φ do
5: Y = argminY ′∈D Level(Y ′);
6: GetBackward(Y );
7: GetForward(Y );
8: GetInside(Y );
9: D = D\{Y };

10: end while
11: D = ∆F ;
12: InitializeQ(), InitializeEta();
13: while D 6= φ do
14: Y = argmaxY ′∈D Level(Y ′);
15: GetOutsideExpe(Y );
16: D = D\{Y };
17: end while
18: // M-step
19: for each s ∈ S do
20: θs,1 ∝ η1

θ [s]/Pf
θ [F ];

21: θs,0 ∝ η0
θ [s]/Pf

θ [F ];
22: end for
23: end

3.2.1 Backward and forward probabilities

The procedure GetBackward(Y ) calculates backward probabilities for each node in N(δY ).
A backward probability B1

θ[n] is the sum of the probabilities of all paths from node n to 1 .
Similarly B0

θ[n] is the sum of the probabilities of all paths from node n to 0 . We set B1
θ[ 1 ] = 1

and B0
θ[ 0 ] = 1 respectively. Backward probabilities are calculated from terminals to the root.

Contrastingly the procedure GetForward(Y ) calculates forward probabilities for each node in
N(δY ) from the root to terminals. A forward probability Fθ[n] is the sum of the probabilities of
all paths from the root to node n. The procedure InitializeF() initializes Fθ[n] = 0 for all n.
We can see the time complexity of GetBackward(Y ) and GetForward(Y ) is O(N), where
N = |N(δY )|.8

3.2.2 Inside probabilities

The procedure GetInside(Y ) calculates the inside probability Py
θ [Y ] of Y . P1

θ [Y ] (resp. P0
θ [Y ])

is the probability of Y ∈ U being true (resp. false) under the current parameters θ. It is
calculated as the sum of the probabilities of all paths from root to 1 . P0

θ [Y ] is calculated
similarly except that 1 is replaced with 0 . So P1

θ [Y ] = Pθ (Y =1) = B1
θ[root] (resp. P0

θ [Y ] =

8To be precise, the pseudo code of GetBackward(Y ) or GetForward(Y ) takes O(N2) time. So actually
we use a version that makes topological sorting on each BDD fragment in advance. Similar preprocessing is also
taken for the other procedures.
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1: Procedure: GetBackward(Y )

2: B1
θ [ 1 ] = 1, B1

θ [ 0 ] = 0;

3: B0
θ [ 1 ] = 0, B0

θ [ 0 ] = 1;

4: N = Par( 1 ) ∪ Par( 0 );
5: // Par(n): the set of parents of n.
6: while N 6= φ do
7: n = argmaxn′∈N OrdY (n′)
8: X = Label(n);
9: B1

θ [n] = θ[X]B1
θ [Ch1(n)] + θ[X̄]B1

θ [Ch0(n)];

10: B0
θ [n] = θ[X]B0

θ [Ch1(n)] + θ[X̄]B0
θ [Ch0(n)];

11: N = N\{n} ∪ Par(n);
12: end while
13: end

1: Procedure: GetForward(Y )
2: InitializeF();
3: Fθ [root] = 1;
4: N = {root};
5: while N 6= φ do
6: n = argminn′∈N OrdY (n′);
7: X = Label(n);
8: Fθ [Ch1(n)] += Fθ [n]θ[X];
9: Fθ [Ch0(n)] += Fθ [n]θ[X̄];

10: N = N\{n} ∪ {Ch1(n),Ch0(n)};
11: end while
12: end

1: Procedure: GetInside(Y )
2: P1

θ [Y ] = B1
θ [root ];

3: P0
θ [Y ] = 1 − B1

θ [root ];
4: end

Pθ (Y =0) = 1 − B1
θ[root]). Pf

θ [F ] is the likelihood of F = f . All inside probabilities being
computed, we consider P1

θ [Y ] and P0
θ [Y ] as the “parameters” of Y , and denote them by θ[Y ] and

θ[Ȳ ], respectively.

3.2.3 Outside probabilities and conditional expectations

The procedure GetOutsideExpe(Y ) updates ηx
θ

[
[X]

]
for each X ∈ V(Y ) ∩ X, and Qz

θ[Z] for
each Z ∈ V(Y ) ∩ U. ηx

θ

[
[X]

]
is defined in Section 2.1 and Qz

θ[Z] is a temporary value used to
calculate ηx

θ

[
[X]

]
. ηx

θ

[
[X]

]
are initialized as 0 for all X ∈ X and x ∈ {0, 1} by the procedure

InitializeEta()in IterateEM(). Also, Qz
θ[Z] are initialized as Qf̄

θ[F ] = 0 and Qz
θ[Z] = 0

(Z 6= F ), where f ∈ {1, 0} is the observed value of F , by InitializeQ(). To denote the nodes
deleted by the deletion rule, we introduce Del1Y (n) and Del0Y (n) in GetOutsideExpe(Y ).
DelxY (n) (x ∈ {1, 0}) stands for the set of labels (i.e. variables) of deleted nodes between n and
Chx(n). So we have DelxY (n) = {X ∈ V(δY ) | Label(n) ≺ X ≺ Label(Chx(n))}.

Here, we explain that the value of ηx
θ [X] calculated by GetOutsideExpe(Y ) coincides

with the one in Eq. 5, i.e. Pθ (X =x, F =f). First consider the case Y = F . Qf
θ[F ] and

Qf̄
θ[F ] are initialized to 1 and 0, respectively. We see e1

n = Fθ[n]B1
θ[Chf (n)]θ[X] and e0

n =
Fθ[n]B1

θ[Chf (n)]θ[X̄], where X = Label(n). From the definitions of Fθ[n] and B1
θ[n], it follows

e1
n is the sum of the probabilities of all paths from root to f -terminal through the 1-edge (resp. the

0-edge) of n, and thus equals Pθ (F =f,Xn =1). Here Xn is an auxiliary random variable on
Φ, the set of assignments for all variables. Xn takes x ∈ {0, 1} on Φ′ ⊆ Φ where Φ′ is the set
of assignments represented by paths through x-edge from n in the current BDD fragment. We
let it take an arbitrary value other than {0, 1} on Φ \ Φ′. We further write the value of ηx

θ

[
[X]

]
calculated by the procedure as

η1
θ

[
[X]

]
=

∑
n∈NX(δY ) e1

n +
∑

n∈Del1Y (X) e1
nθ[X] +

∑
n∈Del0Y (X) e0

nθ[X], (6)

η0
θ

[
[X]

]
=

∑
n∈NX(δY ) e0

n +
∑

n∈Del1Y (X) e1
nθ[X̄] +

∑
n∈Del0Y (X) e0

nθ[X̄], (7)

where NX(δY ) = {n ∈ N(δY ) | Label(n) = X}, Del1Y (X) = {n ∈ N(δY ) | X ∈ Del1Y (n)} and
Del0Y (X) = {n ∈ N(δY ) | X ∈ Del0Y (n)}. Recall that, in BDDs, there may be a path π from
which a node n labeled X has been deleted. Such a path is created by merging two paths,
one including the 1-edge from n and the other including the 0-edge from n. Then, pπ being
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1: Procedure: GetOutsideExpe(Y )
2: for each n ∈ N(δY ) do
3: X = Label(n);
4: e1

n = Q1
θ [Y ]Fθ [n]B1

θ [Ch1(n)]θ[X]

5: +Q0
θ [Y ]Fθ [n]B0

θ [Ch1(n)]θ[X];
6: e0

n = Q1
θ [Y ]Fθ [n]B1

θ [Ch0(n)]θ[X̄]

7: +Q0
θ [Y ]Fθ [n]B0

θ [Ch0(n)]θ[X̄];
8: if X ∈ U then
9: Q1

θ [X] += e1
n/θ[X];

10: Q0
θ [X] += e0

n/θ[X̄];
11: else if X ∈ X then
12: η1

θ

ˆ

[X]
˜

+= e1
n;

13: η0
θ

ˆ

[X]
˜

+= e0
n;

14: end if
15: for each Z ∈ Del1Y (n) do
16: if Z ∈ U then
17: Q1

θ [Z] += e1
n;

18: Q0
θ [Z] += e1

n;
19: else if Z ∈ X then
20: η1

θ

ˆ

[Z]
˜

+= e1
nθ[Z];

21: η0
θ

ˆ

[Z]
˜

+= e1
nθ[Z̄];

22: end if
23: end for
24: for each Z ∈ Del0Y (n) do
25: if Z ∈ U then
26: Q1

θ [Z] += e0
n;

27: Q0
θ [Z] += e0

n;
28: else if Z ∈ X then
29: η1

θ

ˆ

[Z]
˜

+= e0
nθ[Z];

30: η0
θ

ˆ

[Z]
˜

+= e0
nθ[Z̄];

31: end if
32: end for
33: end for
34: end

1: Procedure: GetOutsideExpe*(Y )
2: for each n ∈ N(δY ) do
3: X = Label(n);
4: e1

n = Q1
θ [Y ]Fθ [n]B1

θ [Ch1(n)]θ[X]

5: +Q0
θ [Y ]Fθ [n]B0

θ [Ch1(n)]θ[X];
6: e0

n = Q1
θ [Y ]Fθ [n]B1

θ [Ch0(n)]θ[X̄]

7: +Q0
θ [Y ]Fθ [n]B0

θ [Ch0(n)]θ[X̄];
8: if X ∈ U then
9: Q1

θ [X] += e1
n/θ[X];

10: Q0
θ [X] += e0

n/θ[X̄];
11: else if X ∈ X then
12: η1

θ

ˆ

[X]
˜

+= e1
n;

13: η0
θ

ˆ

[X]
˜

+= e0
n;

14: end if
15: X ′ : OrdY (X ′) = OrdY (X) + 1
16: ζ[X ′] += e1

n + e0
n;

17: ζ[Label(Ch1(n))] −= e1
n;

18: ζ[Label(Ch0(n))] −= e0
n;

19: end for
20: X = Label(root);
21: V = V(δY )\{X}, T = 0;
22: while V 6= φ do
23: X = argminX′∈V OrdY (X ′);
24: T += ζ[X];
25: if X ∈ U then
26: Q1

θ [X] += T ;
27: Q0

θ [X] += T ;
28: else if X ∈ X then
29: η1

θ

ˆ

[X]
˜

+= Tθ[X];
30: η0

θ

ˆ

[X]
˜

+= Tθ[X̄];
31: end if
32: V = V\{X};
33: end while
34: end

the probability of the path π, the probabilities of the recovered paths are computed as pπθ[X]

and pπθ[X̄]. Therefore, Eq. 6 (resp. Eq. 7) says that η1
θ

[
[X]

]
(resp. η0

θ

[
[X]

]
) is the sum of the

probabilities of the recovered paths and the other paths from root to 1 that include the 1-edge
(resp. the 0-edge) of nodes labeled X. So, noting Qz

θ[Z] = Pθ (F =f, Z =z) /θ[Z], we conclude

ηx
θ

[
[X]

]
= Pθ (X = x, F = f) , Qz

θ[Z] = Pθ (F = f | Z = z) .

Consequently, the value of ηx
θ

[
[X]

]
calculated by GetOutsideExpe(F ) coincides with Pθ (X = x, F = f).

Now let us consider GetOutsideExpe(Y ), where Y is an intermediate variable. Sup-
pose Qy

θ[Y ] has already been calculated and equals Pθ (F =f | Y =y). Similarly to the above,
Fθ[n]B1

θ[Ch1(n)]θ[X] (resp. Fθ[n]B1
θ[Ch0(n)]θ[X]) amounts to Pθ (Y =1, Xn =1) (resp. Pθ (Y =0, Xn =1)).
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Hence, noting that F and Xn are conditionally independent when Y is given, we have

e1
n = Q1

θ[Y ]Fθ[n]B1
θ[Ch1(n)]θ[X] + Q0

θ[Y ]Fθ[n]B0
θ[Ch1(n)]θ[X]

= Pθ (F =f | Y =1)Pθ (Y =1, Xn =1) + Pθ (F =f | Y =0)Pθ (Y =0, Xn =1)
= Pθ (F =f | Y =1, Xn =1)Pθ (Y =1, Xn =1)

+ Pθ (F =f | Y =0, Xn =1)Pθ (Y =0, Xn =1) = Pθ (F =f,Xn =1) ,

e0
n = Pθ (F =f,Xn =0) ,

where e1
n and e0

n respectively represent the quantities in Lines 5-8 in GetOutsideExpe(F ).
It follows ηx

θ

[
[X]

]
=

∑
n Pθ (F =f,Xn =x) = Pθ (F =f,X =x) and Qz

θ[Z] = Pθ (F =f | Z =z),
and hence the value of ηx

θ

[
[X]

]
calculated by GetOutsideExpe(Y ) is the intended one.

The time complexity of GetOutsideExpe(Y ) is O(N(D1 +D0)) where N = |N(δY )|, D1 =
maxn∈N(δY ) Del1Y (n) and D0 = maxn∈N(δY ) Del0Y (n). This is because, for each n ∈ N(δY ),
the procedure updates ηx

θ

[
[X]

]
where X = Label(n) and ηz

θ

[
[Z]

]
for Z ∈ Del1Y (n) ∪ Del0Y (n).

Furthermore we replace GetOutsideExpe(Y ) with GetOutsideExpe*(Y ) to reduce the time
complexity to O(N + V ) where V = |V(δY )|. In GetOutsideExpe(Y ), ηx

θ

[
[X]

]
is updated for

each node and for each deleted node labeled X, whereas in GetOutsideExpe*(Y ), we have
only to update ηx

θ

[
[X]

]
and ζ[X] for each node, where ζ[X] is the quantity satisfying∑

Z∈V(δY ):Z≺X ζ[X] =
∑

n∈Del1Y (X) e1
n +

∑
n∈Del0Y (X) e0

n.∑
Z∈V(δY ):Z≺X ζ[X]θ[X] equals the sum of the second and the third terms of Eq. 6 and the value

of ηx
θ

[
[X]

]
calculated by GetOutsideExpe*(Y ) equals the one calculated by GetOutside-

Expe(Y ). Finally the total time complexity of executing the E-step is O (D (Nmax + Vmax)),
where D = |∆F |, Nmax = maxY ∈∆F |N(δY )| and Vmax = maxY ∈∆F |V(δY )|.

3.3 The ZBDD-EM algorithm

There are some problems BDDs are not good at dealing with. Truth assignments in which
variables are sparsely true (e.g. boolean functions where exclusive ORs are dominantly used [12])
are one of them. ZBDDs, BDDs based on a different principle, are better suited for such sparse
truth assignments. In this section, we present the ZBDD-EM algorithm, an adaptation of the
BDD-EM algorithm to ZBDDs. ZBDDs are based on two reduction rules like BDDs but the
deletion rule of ZBDDs differs from that of BDDs:

1. Deletion rule: If n is a non-terminal node in the ZBDD such that Ch1(n) = 0 , eliminate
n from the ZBDD.

This rule makes the probability computation more complicated however. For example, think of
Del1Y (n) = {Xi, Xj}. There are two nodes, labeled Xi and labeled Xj , between n and Ch1(n),
deleted by the deletion rule above. The probability from n to Ch1(n) is not θ[Label(n)] but
θ[Label(n)]θ[X̄i]θ[X̄j ] because the deleted variables are supposed to have taken 0 in the ZBDD. To
compute probabilities correctly even in the presence of deleted variables, we introduce deletion
parameters θDel1Y (n) and θDel0Y (n) for n ∈ N(F ) as follows:

θDel1Y (n) =
∏

X∈Del1Y (n) θ[X̄] θDel0Y (n) =
∏

X∈Del0Y (n) θ[X̄].

Then the probability from n to Ch1(n) is computed as θ[Label(n)]θDel1Y (n). While the deletion
rule of BDDs merely merges two paths into a single path, the deletion rule of ZBDDs completely
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eliminates the path including a 1-edge directly pointing 0 . So we have to recover these deleted
paths for the correct probability/expectation computation.

Taking the above into account, we rewrite the BDD-EM algorithm to the ZBDD-EM algo-
rithm. First, two procedures GetForwardZ(Y ) and GetBackwardZ(Y ) calculating FZ,θ[n]
and B1

Z,θ[n], respectively, are introduced corresponding to GetForward(Y ) and GetBack-
ward(Y ) by replacing θ[X] (resp. θ[X̄]) with θ[X]θDel1Y (n) (resp. θ[X]θDel0Y (n)). We also replace
GetOutsideExpe*(Y ) with GetOutsideExpeZ(Y ). These replaceings enable to run EM
algorithm on ZBDDs without increasing the computation time of the E-step, though we have
to omit further details due to the space limitation. In conclusion, we should choose an ap-
propriate data structure, BDD or ZBDD, depending on problems by considering their time
complexity O (D (Nmax + Vmax)) where D = |∆F |, Nmax = maxY ∈∆F

|N(δY )| and Vmax =
maxY ∈∆F |V(δY )|.

1: Procedure: GetOutsideExpeZ(Y )
2: InitializeQ(), InitializeEta();
3: for each n ∈ N(δY ) do
4: X = Label(n);
5: ez

n = Q1
θ [Y ]Fθ [n];

6: e1
n =

`

Q1
θ [Y ] −Q0

θ [Y ]
´

FZ,θ [n]B1
Z,θ [Ch1(n)]θ[X]θDel1

Y
(x);

7: e0
n =

`

Q1
θ [Y ] −Q0

θ [Y ]
´

FZ,θ [n]B1
Z,θ [Ch0(n)]θ[X̄]θDel0

Y
(x);

8: if X ∈ U then
9: Q1

θ [X] += ez
n + e1

n, Q0
θ [X] += ez

n + e0
n;

10: else if X ∈ X then
11: η1

θ

ˆ

[X]
˜

+= (ez
n + e1

n)θ[X], η0
θ

ˆ

[X]
˜

+= (ez
n + e0

n)θ[X̄];
12: end if
13: X ′ : OrdY (X ′) = OrdY (X) + 1
14: ζZ [X ′] += ez

nθ[X] + ez
nθ[X̄], ζ[X ′] += e1

nθ[X] + e0
nθ[X̄];

15: ζZ [Label(Ch1(n))] −= ez
nθ[X], ζ[Label(Ch1(n))] −= e1

nθ[X];
16: ζZ [Label(Ch0(n))] −= ez

nθ[X̄], ζ[Label(Ch0(n))] −= e0
nθ[X̄];

17: end for
18: V = V(δY );
19: X = argminX′∈V OrdY (X ′);
20: TZ = ζZ [X] ,T = ζ[X];
21: V = V\{X};
22: while V 6= φ do
23: X = argminX′∈V OrdY (X ′);
24: if X ∈ U then
25: Q1

θ [X] += TZ , Q0
θ [X] += TZ + T/θ[X];

26: else if X ∈ X then
27: η1

θ

ˆ

[X]
˜

+= TZθ[X], η0
θ

ˆ

[X]
˜

+= TZθ[X̄] + T ;
28: end if
29: TZ += ζZ [X], T += ζ[X];
30: V = V\{X};
31: end while
32: end

4 Time complexities for specific models

The time complexity of building BDDs is NP-hard in general [6]. However, there are efficient
techniques to build BDDs using the Apply operation [2] and those to find good variable orderings,
be they dynamic or static [6, 13]. So building BDDs can be done efficiently in practice. In this
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section, we evaluate the time complexity of both building (Z)BDDs and running the (Z)BDD-EM
algorithm for two models, noisy-OR models and probabilistic context free grammars. We show
that their time complexities are equal to the standard ones.

4.1 Noisy-OR models

A noisy-OR model [17] represents a relation between multiple causes and an effect. Let F be an
observable variable representing an effect, and C1, C2 and C3 basic variables representing possible
causes which make F true. While the logical OR relation is represented as F ⇔ C1 ∨ C2 ∨ C3,
the noisy-OR relation allows for a situation where C1 is true but F is false. For this noisy-
OR model, we introduce inhibition variables, I1,I2 and I3, which inhibit F to be true with
probabilities θ[I1] = P (F =0 | C1 =1, C2 =0, C3 =0), θ[I2] = P (F =0 | C1 =0, C2 =1, C3 =0) and
θ[I3] = P (F = 0 | C1 = 0, C2 = 0, C3 = 1), respectively. An N -input noisy-OR model between F
and C1, C2, . . . , CN is described by:

F = (C1 ∧ Ī1) ∨ (C2 ∧ Ī2) ∨ · · · ∨ (CN ∧ ĪN ).

Fig. 5 shows a BDD representing F under the variable ordering OrdF such that Ci ≺ Cj , Ii ≺ Ij

(i < j) and Ci ≺ Ik (i ≤ k). We construct a BDD from F using the Apply operation [2], denoted
by Apply(δX , δY , 〈op〉), that builds a BDD representing X〈op〉Y where δX and δY represent the
boolean functions X and Y , respectively. Although the time complexity of Apply(δX , δY , 〈op〉)
is O(NXNY ) in general, where NX = |N(δX)| and NY = |N(δY )|, we can see an application of
Apply(·) for an N -input noisy-OR model takes just O(1). So the BDD is obtained by applying
the Apply operation N times, and the time complexity becomes O(N) under OrdF . Also the
time complexity of the E-step is O(N) because ∆F = 1, N(F ) = 2N and V(F ) = 2N .

4.2 Probabilistic context free grammars

A CFG is a quadruplet 〈VN , VT , R, S〉 where VN a set of non-terminal symbols, VT a set of
terminal symbols, R a set of derivation rules and S the initial symbol respectively. A PCFG is a
CFG in which derivation rules are chosen probabilistically. Each r ∈ R has a parameter, i.e. the
probability of r being chosen. Suppose we attempt to estimate the parameters of a PCFG from
a sentence represented as a sequence of L words w(1), w(2), . . . , w(L) (w(i) ∈ VT ). We assume
the PCFG has VN = {X1, X2, . . . , XN}, VT = {a1, a2, . . . , aM}, R = {rijk, ril | 1 ≤ i, j, k ≤
N, 1 ≤ l ≤ M} and S = X1, where rijk and ril represents derivation rules Xi → XjXk and
Xi → al respectively. We introduce Dijk and Djl as basic boolean variables and Ai(d, d′) as an
intermediate boolean variable. 9 The assignment Dijk = 1 (resp. Dil = 1) means the rule rijk

(resp. ril) is applied. Similarly the assignment of Ai(d, d′) = 1 says that a non-terminal symbol
Xi spans from w(d + 1) to w(d′). Ai(d, d′) is defined as:

Ai(d, d + 1) = Dil such that w(d + 1) = al

Ai(d, d′) =
∨

1≤i,j≤N

(∨
d≤d′′≤d′ (Dijk ∧ Aj(d, d′′) ∧ Ak(d′′, d′))

)
,

where Dijk and Dij′k′ (j 6= j′ or k 6= k′), and also Ai(j, k) and Ai′(j′, k′) (i 6= i′, j 6= j′ or
k 6= k′) are exclusive. In such a case, we do not add probabilities to the assignments that violate
the exclusiveness in computing conditional expectations. The observable variable F is given as
F = A1(1, L).

9Strictly speaking, we must consider underlying derivation sequences in parsing. That is, we should classify

Ai(d, d′) into At,k
i (d, d′)s where t is some derivation sequence and k is the index of a rewriting in t so that

At,k
i (d, d′) and At,k

j (d, d′) (i 6= j) are exclusive. Fortunately we can entirely omit superscripts, t and k, in
describing the computation of expected occurrences of basic variables in derivation sequences.
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Figure 5: A BDD represent-
ing the noisy-OR model.
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Figure 6: A ZBDD representing Ai(d, d′).

Fig. 6 shows a ZBDD fragment δAi(d,d′).10 In this figure, we adopt the variable ordering
OrdAi(d,d′) such that

Dijk ≺ Aj′(d, l) ≺ Ak′(l′, d′) for any j, k, l, j′, k′ and l′

Dijk ≺ Dij′k′ j < j′ or (j = j′) ∧ (k < k′)

Aj(d, l) ≺ Aj′(d, l′) j < j′ or (j = j′) ∧ (l < l′)
Aj(l, d′) ≺ Aj′(l′, d′) j < j′ or (j = j′) ∧ (l < l′).

We can build δAi(d,d′) from the boolean function Ai(d, d′) using the Change operation and the
Union operation [12]. Under OrdAi(d,d′), the time complexity of building δAi(d,d′) is O(N2L),
where N is the number of non-terminal symbols and L is the length of the observed sentence.
The total time complexity of building δAi(d,d′) ∈ ∆F is O(N3L3) because |∆F | is linear in NL2.
δF and δAi(d,d+1) contain only one node in each and we can ignore them. In Fig. 6, we see
|V(Ai(d, d′))| and |N(δAi(d,d′))| are O(N2L), and |∆F | is O(NL2). So the time complexity of
running ZBDD-EM() is O(N3L3). Consequently, the time complexity of building F and the
E-step is O(N3L3), respectively, which equals the standard one.

5 Learning experiment

To confirm that the BDD-EM algorithm with GetOutsideExpe*() works correctly, we con-
ducted a simple learning experiment that estimates the parameters of a 4-input noisy-OR model
from artificial data sampled under a random parameter setting. Although we have been concen-
trating on the single observation case up to now, the implemented BDD-EM algorithm can deal
with i.i.d. observations of the values of F . So in the experiment, we used 100 i.i.d. samples of
the values of F in which F is true 60 times and false 40 times.

Table. 1 shows the learning result, where the first columns shows the number of EM iterations.
The next eight columns show values of parameters θ[C1], . . . , θ[Ī4]. The last column is the log
likelihood. We see that the log likelihood increases as iteration goes on.

10One may think that we can introduce new ZBDD fragments, each representing a subtree fjk. This is not
allowed, however, because a variable Aj(d, d′) appearing in fjk and Aj(d, d′) (the same variable label) appearing
in fj′k′ are not independent. If we separated fjk and fj′k′ as new BDD fragments, they would be independent.
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Table 1: A result of learning parameters of the 4-input noisy-OR model.
Step θ[C1] θ[Ī1] θ[C2] θ[Ī2] θ[C3] θ[Ī3] θ[C4] θ[Ī4] L

0 0.42403 0.46887 0.27365 0.41808 0.45813 0.45969 0.17264 0.94743 -82.746725
5 0.35718 0.40723 0.22933 0.38257 0.39060 0.39235 0.10243 0.94297 -67.312570
10 0.35529 0.40548 0.22804 0.38154 0.38869 0.39045 0.10077 0.94286 -67.301176
15 0.35523 0.40543 0.22800 0.38151 0.38863 0.39039 0.10072 0.94286 -67.301167
20 0.35523 0.40542 0.22800 0.38151 0.38863 0.39039 0.10072 0.94286 -67.301167

6 Related work

Our work is considered as a succession to the previous work done by Minato et al. [14]. It
shows how to compile BNs into ZBDDs to compute probabilities but probability learning is left
untouched. In this paper we supplemented a necessary algorithm to apply ZBDDs to EM learn-
ing. The introduction of (Z)BDDs solves a long-standing problem of PRISM [18], a logic-based
modeling language for generative modeling. It employs data structure called explanation graphs
similar to decomposed BDDs to represent boolean formulas in disjunctive normal form. The
current PRISM however assumes the exclusiveness condition that the disjuncts are exclusive
to make sum-product probability computation possible. Since the proposed algorithms are ap-
plicable to explanation graphs as well, it allows PRISM to abolish the exclusiveness condition.
ProbLog is a recent logic-based formalism that computes probabilities via BDDs [4]. A ProbLog
program computes the probability of a query atom from a disjunction of conjunctions made up of
independent probabilistic atoms by converting the disjunction to a BDD and applying the sum-
product computation to it. Since our (Z)BDD-EM algorithm works on (Z)BDDs, integrating it
with ProbLog for probability learning seems an interesting future research topic.

In a broader context, the (Z)BDD-EM algorithm is an example of propositionalized proba-
bility computation (PPC), a recent trend that uses propositional formulas to compute and learn
probabilities in a probabilistic model. Examples include BNs [14, 3, 9], Markov random fields
[10, 16], and probabilistic logic programming [18].

7 Conclusions

We have proposed the (Z)BDD-EM algorithm that runs on decomposed (Z)BDDs made out of
probabilistic propositional variables. Inside and outside probability computation in PCFGs is
adaptively propositionalized for decomposed (Z)BDDs and EM learning is performed by iterat-
ing propositionalized inside and outside probability computation. The (Z)BDD-EM algorithm
is generic in the sense that it is applicable to any decomposed (Z)BDDs, and at the same time
can be efficient thanks to dynamic programming though actual efficiency depends on the vari-
able ordering. We also have proved that the noisy-OR model expressed by BDDs and PCFGs
expressed by ZBDDs are computed in time linear to the number of causes in the former case and
in time cubic to the sentence length in the latter case. In future work, we expect that it is not
very difficult to extend the (Z)BDD-EM algorithm by combining it with variational Bayesian
learning. We also hope to develop a propositionalized parameter learning algorithm for log-linear
models following the (Z)BDD-EM algorithm.
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